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Abstract. A shape-recognition method is proposed, inspired from the dynamic-link theory of
von der Malsburg (1981). The quality of a match between two images is assessed through
an elastic cost functional; the minimal value reached by the cost over a suitably-defined space
of maps is viewed as a distance between these two images. Experiments on nearest-neighbour
classification of handwritten numerals are presented, nsing a computationally effective procedure
for finding a reliable estimate of the matching distance.

1. Introduction

It has been proposed {von der Malsburg 1981, 1987, von der Malsburg and Bienenstock
1986) that the brain may represent dynamical bonds between entities by using suitably
defined accurate temporal relationships between neural activity patterns, This idea has
recently become a focus of interest, mainly for its potential to solve the so-called binding—or
segmentation—problem for neural networks. Equally attractive, however, is the suggestion
(von der Malsburg 1981) that the brain may use dynamical links—in the form of accurate
temporal relationships between the firings of neurons and possibly fast synaptic plasticity—
to implement relational descriptions of objects and relation-preserving maps between such
descriptions; refational descriptions and relation-preserving maps are likely to be required
in many coguitive functions, e.g. perception.

A literal numerical implementation of these ideas in terms of accurate neuronal spiking
and fast synaptic plasticity would be impractical. Thus, shape-recognition models inspired
from the dynamical-link theory (e.g. Bienenstock and von der Malsburg 1987, Lades ef al
1993) have generally kept the spirit of the approach, that of a simple, relatively low-level,
relational description uwsing dynamical links, and adapted it in various ways to the problem
at hand. In this paper, we propose a formulation using a computationally efficient version
of elastic matching (Burr 1980, Hinton ef ! 1992). An outline of our approach as well as
preliminary results have been presented elsewhere (Bienenstock and Doursat 1989, 1991),
and a very similar model has been applied to other recognition problems (Buhmann er af
1989, Lades ef al 1993).

In the context of automated pattern recognition, relational-matching and deformable-
template methods have been proposed in the past under a variety of forms (e.g. Bajesy and
Kovacic 1989, Grenander ef al 1990, Amit et o 1991, Hinton e al 1992, Dickinson et al
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1992); see also Hummel and Biederman {1992) for an example of a hierarchical reational-
matching model inspired from psychological data and from the dynamical-link theory.
Relational-matching methods proceed roughly as follows. A colection of prototype objects
is defined, each in terms of relations between object subparts, e.g. local features. Upon
presentation of an unknown object to recognize, one attempts to build relation-preserving
maps between the prototypes and this object, described in the same relational format as the
prototypes. The object is recognized—or not recognized—on the basis of the best relation-
preserving map(s) found. This strategy sometimes turns out to be impractical, as it may
require to search through a very large space of maps.

In the last few years, the task of handwritten-character recognition has become a
benchmark for algorithms of pattern recognition, whether neurally inspired (e.g. Le Cun
et al 1989, Martin and Pittman 1991} or not (e.g. Bozinovic and Srihari 1989, Kundu ez al
1989, Simard er al 1993). Due to the computational difficulty just mentioned, relational-
matching methods are not widely used; see, however, Burr (1980), Hinton et af (1992), and,
in a similar spirit, Simard ef al (1993). More popular are methods which rely on a blend of
feature-extraction techniques followed by conventional statistical classifiers or feedforward
neural networks.

The elastic-matching approach presented in this paper can be applied to handwritten-
character recognition by defining each character in terms of geometric relations between its
elementary constituents, i.e. image pixels. Matching is then invariant with respect to shifts,
and relatively tolerant of mild rotations and rubber-sheet deformations. As assessed on a
medium-size database, this yields good classification performances, taking into account the
simplicity of the model relative to alternative methods recently proposed for this task (e.g.
Hinton ef al 1992, Simard et al 1993).

The plan of the paper is as follows. Section 2 defines a matching distance between
two images X and X’ as the minimum value of a suitably defined cost functional over a
family of maps from X to X’. The cost of a map is an integrated measure of the amount of
deformation effected by this map; matching is referred to as elastic because of the quadratic
form of local contributions to the cost. As a strategy for finding a map realizing the absolute
minimum of the cost is not available, we use a suboptimal search algorithm, which provides
a good approximation to this minimum; the algorithm is outlined in section 3 and described
in more detail in the appendix. Statistical experiments are presented in section 4: nearest-
neighbour classification is used with our elastic-matching distance instead of, for example,
Euclidean distance. Section 5 compares our biologically inspired approach to the methods
for handwritten-digit recognition proposed by Hinton ef el (1992) and Simard et al (1993);
section 6 is a brief discussion of the model in statistical and biological contexts.

2. The elastic-matching distance

We consider a binary-valued image X on the square lattice §; the value of X at site (pixel)
s € § is denoted X(s). We are interested in images of handwritten numerals, where, by
convention, pixel value 1 stands for ‘black’ or ‘numeral’, and pixel value O stands for
‘white’, or ‘background’. There are ten numeral classes numbered O to 9, and numerals
within a given class may come in a variety of shapes. As a result, the spread of a given class
as assessed by pixelwise distance, i.e. Buclidean distance in X-space, may be considerable.

Our goal is to endow the space of images on § with an alternative metric p£(X, X*) that
will reduce this intra-class spread as much as possible. In section 6, we shall characterize
this sirategy as the a prieri introduction of a suitable bizs in the problem. Ideally, one
would like any two images belonging to the same class to be closer to each other, in this
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new metric, than any two images belonging to a different class. With such a metric, one
prototype per class would be enough to achieve error-free classification, using for instance
the first-nearest-neighbour method, Unfortunately, one would be hard-pressed to invent a
metric p(X, X") satisfying this requirement. We shall therefore settle for a more modest
goal: the metric p should be such that, in gereral, ;1(X, X'y is small whenever X and X’
belong to the same class, and u(X, X'} is large for X and X’ belonging to different classes.

Now given two images X and X’ belonging to the same class, i.e. distinet handwritten
realizations of the same numeral, one may often view X’ as a deformation of X (equivalently
X as a deformation of X), where the deformation is a composition of rigid transformations
(a shift and a small rotation) with moderate non-rigid distortions. The metric ©(X, X')
we shall define is, roughly, the amount of deformation required to transform X into X'.
This definition should be such that: (i) it captures most variations observed in handwritten
numerals and only those, and (ii) the computation of (X, X" can be effectively carried
out,

For a given image X and a given integer m, let Sx be the union of the black pixels in
X (the numeral itself) with a padding of white pixels of width m around these black pixels;
if m = 0, Sx contains no white pixels. For any two images X and X' on S, a map f from
Sx to S is called permissible if it preserves pixel values, that is, if X'(f(s)) = X(s) for
all s in Sy; the family of all permissible maps f from X to X’ is denoted Pyy. We wish
to measure, for any permissible map £, the amount of deformation effected by f. To this
end, we define a cost, or energy, functional H(f) = H(f) + «Hs(f) on Pxyx. The first
part of the functional, H;(f), measures the deformation effected by f; « is a non-negative
parameter and the second part, H(f). measures the departure of f from injectivity.

Specifically,

H(f)= D, le-0-E-r1enl*.
£reSy. ls—tli=1

Here, the symbol — is used to denote subtraction between sites considered as points in R2.
Thus, H; is the sum, over all pairs of neighbours s and ¢ in Sy, of the squared norm of
the difference between the vector from point ¢ to point s and the vector from point f(¢)
to point f(s). Provided Sy is connected, Hy(f) is 0 if and only if F(8) - f(t) = 5 -1t
for any two sites 5 and ¢ in Sy, i.e. if and only if F is, globally, a shift. Note that Hj is
focally composed in the topology of Sx: two sites s and 7 in the domain of f interact—they
contribute to Hj—only if they are nearest neighbouws. The penalty contributed by a pair
of neighbours is quadratic in the amount of distortion effected there. The main reason for
choosing this quadratic form is computational convenience (see next section), but it car also
be interpreted as a form of elastic energy (think of f as a deformation acting on a rubber
sheet).

In short, the first part of the functional H—which we seek to minimize over all
permissible maps—embodies a collection of independent soft constraints on f, which
collectively tend to make f a shift. In particular, H) penalizes rotations; the penalty is
small for small-ampiitude rotations, and increases rapidly for larger ones.

The second term in H(f), also a collection of quadratic soft constraints, is defined as
follows: ,

B =3 (0 £ 1 =1
s'es
where | A | is the size of set A, and u., the positive part of u, is u if 4 > 0, 0 otherwise.
This term is O if and only if for each s in S the set f~'(s") has az most one element in it,
that is, f is injective. This second term does not play a ctucial role in the definition of the
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distance; in effect, if the first term vanishes—f is a shift—so does the second. However,
including H, was found to improve classification performance (see section 4).

Note that the pixel-value constraint, f € Pxy, could have been implemented as a soft
constraint, in the style of Hy and H;. However, numerical experiments (not reported in
the present paper) showed no clear advantage in doing so, and a hard constraint was found
preferable for computational reasons.

Given two images X and X', we may now tentatively define an elastic distance between
them as the minimum value reached by H over all permissible maps:

MX, XY= mm H(f).
Prxr
This A, however, is not quite a metric. In particular, it generally is not the case that
A(X, X)) = A(X', X). Also, A has the following ‘subset problem’. Assume that X and X’
are two numerals belonging to different classes such that X is (approximately) a subset of
X', i.e. such that there exists a map f in Pyy that is (approximately) a shift. This may
for instance occur with the numerals ‘3’ and ‘8" (see figure 5). Under these conditions,
A(X, X'} is small, possibly smaller than A(X, X"} for some X” in the same class as X, This
is clearly undesirable.
These two problems may be solved by symmetrizing )\ as follows:

p(X, X) = max{A(X, X'), MX', X}}.

We shall illustrate in the next section the working of ¢ on the subset problemt.

3. Computing the elastic-matching distance

Computing the elastic-matching distance (X, X') between two numerals X and X’ entails
the minimizing of H over two spaces of permissible maps, Pxx and Py x. These spaces
are clearly too large to allow exhaustive search. We shall therefore content ourselves
with an approximation, a suboptimal f. The present section outlines a computationally
effective method for finding such a suboptimal solution; a more detailed description of the
algorithm is given in the appendix. In the next section, we shall show that the approximated
elastic-matching distance yields good classification performances, and we shall argue that
these performances are probably nearly as good as would be obtained with the true elastic-
matching distance if this were available.

As remarked above, the first term in the cost functional H is made up of a sum of local
contributions, as each site 5 interacts only with its nearest neighbours in Sy. This suggests a
straightforward iterative-improvement, ‘greedy’, procedure for minimizing f over the space
of permissible maps Pxx. Step k in this procedure consists in visiting a site s = s; in
Sx and wpdating f at s while keeping it constant at all ¢ 3£ 5. Consider, for a moment,
only H; and ignore H,. The only sites ¢ 3= s that matter are then the four neighbours of s:
5, F=1,...,4 (here we assume that s is an interior point of Sx). Due to the quadratic form
of Hy, the optlmal value of f at s given f at the four neighbours of s is the centre of mass
of these four values: § = E;—x F (%) (see appendix, equation (Al)). However, § is not
necessarily a lattice point, nor does it necessarily satisfy the pixel constraint X'(5) = X(s)
if it happens to be a lattice point. We also need to take into account the second term H; in
the cost to find the truly optimal f(s).

1 The function 1 is still not quite a metric, as it does not necessarily satisfy the triangle inequality. This is of
little practical incidence; it can actually be remedied by adding a positive constant C to every (X, X’) such that
n(X, X" > 0.
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We therefore proceed as follows. After having computed §, we visit all sites 5" in §
that satisfy X'(s") = X(s), in order of increasing distance from §. For each site 5" visited,
we compute g(s’'}, the total change in H resulting from moving f(s) from § to s’. The
optimal s’ is the site that yields the smallest g; we know when to stop the search because
the Hj-component in g(s") is quadratic in | 5" — 5 ||.

This procedure allows us to find, in a computationally effective way, the H-optimal
value of f at site s in Sy given f at all sites 7 % 5 in Sy. Applying this local update
scheme iteratively will in general yield convergence to a Jocal minimum of H in the space
of permissible maps, local in the sense of the topology defined by this greedy single-update
scheme: there will be no guarantee that the solution reached is the true optimum. Moreover,
as with all such greedy algorithms, one should expect high sensitivity to initial conditions.
The local minimum reached will also depend on the visitation sequence for sites s in
Sx. However, numerical experiments (see section 4) show that classification based on this
approximated elastic distance is quite robust. As expected, the single most important factor
is the initialization. For instance, if the two images X and X' are ‘8’s, say X = X', it is
easy to initialize the algorithm in the ‘wrong’ way, so that the top circle of the ‘8’ in X
will map to the bottom circle of the ‘8" in X' and vice versa; such a map corresponds to
a local minimum of the energy, with a fairly high cost coming from the mismatch at the
centre of X

In the experiments reported in section 4, we used the following simple initialization
procedure, which reliably eliminates the danger of ending in a local energy minimum of the
type just described. The map f is first defired on a small number g of randomly chosen
black sites 51, 52,....5; € Sx; typically, g is about cne tenth of the number of black sites
in Sx. This is done using the following simple alignment procedure. Let ¢(X), resp. ¢(X),
be the centre of mass of the set of black pixels in X, resp. X", ¢{X} and c(X’) are generally
not lattice points. ‘We then define f(s;), i = 1,..., ¢, to be the lattice point s’ nearest to
5 + o(X") — o(X) which satisfies X'(s") = 1. After f has been defined in this way on
¢ initial sites in Sx, we extend it, site-by-site, to the rest of Sy using the greedy update
scheme described above (see appendix for details).

Since this initialization procedure does use the update process (except on a small number
of sites), we shall refer to it as ‘iteration O of the optimization. Further iterations consist in
re-updating f once on all sites 5 € Sy, including the first g (in the same order as before).
We shall see in section 4 that for purposes of classification iteration 0 is by far the most
important. ‘

Before we turn to classification experiments, we illustrate with a few figures the working
of the optimization algorithm. Figure 1 shows the successive steps in iteration O for the
matching of two numerals belonging to two different classes; the match f reached at the
end of iteration 0 (panel C) is a severe distortion, heavily penalized by H. Figure 2 shows
the result of further optimization (10 iterations) on this matching problem, as well as on
the matching of two numerals that belong to the same class and are indeed quite similar.
In the latter case, the value of H reached is of course much lower; it is close—possibly
equal-to the global minimum for this problem. In both situations, the optimization process
has converged; the transformations shown correspond to local minima of &.

Figure 3 illustrates the local minima reached for the same two matching problems
as in figure 2, but this time the numerals X and X’ have first been thinned, using a
straightforward thinning algorithm; this reduces substantially the size of Sy, hence the
amount of computation required. Still with thinned numerals, figure 4 illustrates the resuit
of the matching algorithm with a larger padding of white pixels (1 = 5 instead of 1 in
the previous figures), resulting in a much larger domain set Sx; as we shall see in the next
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Figure 2. Local minima of the cost
functional. Panel A shows the result
of 10 further iterations——resulting in

,_.I: § convergence to a local minimum—on the
"“:]E matching problem of figure 1; cost is
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section, the width of the padding has little effect on classification performance. Finally,
figure 5 shows an instance of the subset problem mentioned in section 2: the optimal map
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from numeral ‘3’ to numeral ‘8’ effects a relatively moderate distortion, and hence is only
mildly penalized by H, whereas the optimal map from numeral ‘8’ to numeral ‘3’ incurs, as
expected, a much higher cost. It is the latter that determines the distance u between these
two numerals; this distance is high, as required.

4. Classification experiments

This section reports on classification experiments that were carried out to assess the adequacy
of both the distance u and the optimization procedure described in section 3. We used a
database of 1200 handwritten numerals, 120 per class, each a binary-valued image of size
16 16 (courtesy of I Guyon, AT&T Bell Labs). A sample of these images is shown in figure
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Figure 5. Elastic matching in the subset
case. Mapping a numeral ‘3’ on a
numeral ‘8 (panel A) requires little
deformation, as the former is a near
subset of the latter. Resulting cost is
H(f) = 75. In contrast, mapping the ‘8"
on the ‘3" (panel B) entails considerable
deformation (note for instance how the
bottom circle of the ‘8 collapses onto
the bottom leg of the ‘3’), resulting
in a cost of 302, By definition, the
(approximated) elastic-matching distance
between these two numerals is the largest
of the two values: u = 302.

6. Note that the numerals are normalized, so that their actual size (the size of the minimum
enclosing rectangle) is 16 x 16 (except, for obvious reasons, for numeral ‘1’). These data
were assembled by asking each of twelve individuals to produce 10 numerals of each class,
following a given pattern. The shapes of these handwritten digits are therefore relatively
uniform within a given class, and the recognition problem for this database is easier than for
most currently used zip-code databases (e.g. Simard et al 1993). No further preprocessing or
feature extraction was applied to the data, except for thinning the characters, as mentioned

Ql 254567787
Ol 22956 737
O\ 22456789
Ol 234945 6 7849
GFf 23756787
Ol 23456757

Figure 6. A sample of the 1200 handwritten numerals used in the classification experiments
{courtesy of I Guyon).

The experiments reported in this section consist in using, in a non-parametric
classification scheme, the elastic-matching metric p defined in section 2—more accurately
the approximated g given by the update algorithm described in section 3—instead of the
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usual pixelwise Hamming distance. We performed experiments using k-nearest-neighbour
(k-NN) classification with various values of &, as well as kernel classification (Parzen
windows) with various kemel bandwidths o. Classification performances were found to be
very similar for the two methods, and, within certain limits, indepehdent of the ‘smoothing
parameter’ (k or o as the case may be). Here we shall report only on kNN classification
with £ = 1. Results of experiments with k& varying from 1 to 20 are briefly reported in
Geman et al (1992} (see figure 17 there).

The default setting, which we shall use unless otherwise stated, is as follows: numerals
are thinned; m, the width of the padding of white pixels around each numeral, is set equal
to 1; «, the weight of the injectivity constraint in the cost functional A is set equal to 2;
the number of iterations in the optimization process is O (which means that we do apply the
elastic-update scheme once to most of the sites in the domain of the function).

In all cases, we report on generalization error: the database of 1200 numerals is divided
into two disjoint sets L and T (the partition is uniform across classes, but random vis-d-vis
writers). L is used for ‘training’ (learning), T for ‘testing’. There is of course no training
in the strict sense here. Rather, numerals in L are used as prototypes; thus, in first-nearest-
neighbour classification, the class of a numeral X € T is simply the class of that numeral
X’ € L such that VX" e L, u(X, X'y £ u(X, X). In order to achieve a robust estimate of
error rates, 1000 different random partitions of the data base into two sets L and T were
used; the error rate reported is the result of averaging over these 1000 partitions.

Figure 7 shows the error rate as a function of the total size of the training set L. As
mentioned, the elastic distance is approximated by using only iteration 0 of the optimization
process. Three curves are shown, for three different values of the padding width m. The

error (%)

size of training set

Figure 7. Percent error (generalization} as a function of total training-set size, with various
padding widths m. First-nearest-neighbour classification is performed with the elastic-matching
metric. Each point is an average error rate over 1000 random partitions of the database into
a training set L and a test set 7, Results with m = ¢ and m = 1 are hardly distinguishable.
Performance degrades slightly with m = 3. ’
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curve with m = 1 shows for instance that with 500 randomly chosen prototypes (that is,
50 prototypes per class), the error rate is about 0.3%. It falls off to a value of about
0.17% = 2/1200 when |L| approaches 1200. This is due to the presence of exactly two
numerals whose first-nearest neighbours in the whole data base are of the ‘wrong’ class.
Figure 7 also shows that performance is fairly insensitive to the presence or width of the
padding.

Figure 8 illustrates the influence of «, the relative weight of the injectivity term in
the cost functional H. Including this term significantly improves the performance of the
classifier, by a factor of about 3. On the other hand, the magnitude of x does not appear
to be crucial, as long as « is neither too small (the effect of the second term would be
negligible) nor too large (this would result in ‘hardening’ the injectivity constraint, which
clearly is undesirable).

What is the effect of pursuing the optimization, rather than halting it after the
initialization pass (‘iteration 0°)? Figure 9 shows that the improvement of performance with
additional iterations is not very significant. Note that increasing the number of iterations
beyond 5 does not bring any improvement at all; in effect, the update algorithm generally
has converged by iteration 5. This is illustrated in figure 10, which shows the evolution of
average inter- and intra-class approximated distances as a function of iteration number.

Experiments were also performed with different seeds for the random-number generator
that determines the site-visitation sequence; the resulting variation of error rate was of the
order of 0.1%. These data, along with the results shown in figure 9, may be taken as an
indication of the robustness of our estimate of u; they suggest that this approximated elastic
distance probably yields essentially as good a classification as one would obtain were the
true elastic distance p available.

Experiments with non-thinned numerals resulted in performances essentially undistin-
guishable from results obtained with the thinned characters (differences in error rates did
not exceed 0.1%). The advantage of thinning is a gain in computation time, as it reduces
[ Sy | by a factor sometimes as large as 3.

Finally, figure 11 compares the performance of our elastic-matching classifier with a
few simple non-parametric techniques. Of particular interest is the comparison with first-
nearest-neighbour classification using pixelwise Hamming distance, This comparison shows
that substituting the metric g for Hamming distance results in a very significant drop of
error rate, generally by a factor of more than 10. Note also the significant improvement over
results obtained with various simple feedforward neural networks (data points from Guyon
1988). Feedforward neural networks introduce no other &ias than smoothing with respect to
the natural distance in input space. In this sense, they function essentially as non-parametric
classifiers used with Hamming distance; they indeed yield comparable performances. See
Geman et al (1992) for a more extensive discussion of this issue, as well as a comparison
of the elastic-matching classifier with a backpropagation network including from 1 to 25
hidden units (see figure 17 there).

To summarize, using the elastic-matching metric results in very substantial improvement
over methods relving explicitly (nearest-neighbour or Parzen-window classifiers) or
implicitly (simple feedforward neural networks) on pixelwise distance.

5. Related work

Various forms of elastic matching for the recognition of handwritten numerals or other
line drawings have been proposed in the past, generally independently of any biological
consideration; see e.g. Burr (1980) and Tappert (1982). Of particular interest is the approach
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Figuzre 8. Influence of the injectivity constraint on classification performance. Including the H;
term (x = 2 or x = 4) results in substantial improvement over the performance achieved with
the sole H) ‘elastic’ term.
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Fipure 9. Influence of naumber of iterations (N} of the cost-minimization algorithm. The upper
curve (N = () shows the error rate when optimization, in the computation of g, is halted
after the ‘initialization’ pass. The lower curve (N = 5) shows the error rate when the update
algorithm is allowed to converge, which requires, in nearly all cases, at most five iterations.
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Figure 10. Average distance p as a function of iteration number N, Panel A (resp. B) shows the
distance between class ‘6° (resp. ‘1) and all 10 numeral classes. These distances are averaged
over all numerals in the two classes concerned (for instance class ‘8 and class ‘1 for the upper
curve in panel B). The x-axis indicates the number of iterations (N} of the optimization process
used to compute the estimated value of 1. Although this value decreases in the first iterations,
it does so fairly zriformly over class pairs, which makes classification relatively insensitive to
N (figure 9).

investigated by Hinton ez al (1992). These authors model a given numeral as a deformable
spline, whose shape is determined by the positions of eight control points. These control
points have home locations (adjustable by a learning procedure) that define an ‘ideal’ shape
for the given character. The elastic matching between the image of an unknown numeral
and the deformable spline is performed by an iterative procedure which includes, as an
important step, the balancing of two types of forces acting on the eight control points: data
forces that pull the control points towards black pixels in the image, and elastic forces that
pull the points back to their home locations in the model; in the probabilistic setting used
by Hinton et al, this step requires the inversion of a 16 x 16 matrix at every iteration.
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Figure 11. Elastic-matching classification versus Hamming-distance classification. The two
carves represent averaged generalization-error rates {(over 1000 partitions of the database}
obtained by first-nearest-neighbour classification, using one of two alternative metrics: pixel-
by-pixel Hamming distance {upper carve), or approximated elastic-matching distance y (lower
curve). The ratio between the two is in all cases larger than 10. Also indicated (from Guyon
(1988)) are generalization-error rates obtained with various feedforward neural networks, on the
same data base (single partition, |L| = [T = §00). From top to bottomn: no hidden layer,
pseudo-inverse training rvle; one hidden layer, backpropagation training rule; no hidden layer,
delta-rule; no hidden layer, delta-ruie, pre-processed data (99 extracted features).

The approach of Hinton ez al bears strong resemblance to ours. It also uses a cost,
or ‘energy’, function, to measure the amount of deformation effected on a character;
this function includes an elastic deformation term, as well as a pixel-value term—in our
approach, the latter is embodied in the hard constraint f € Pyy. One important difference
is that the deformable-spline approach uses a higher-level description: the model of a given
numeral is entirely specified by 24 parameters (16 coordinates and 8 variances). This makes
it a reasonable strategy to use a single model to account for all the variability encountered
in each of the ten numeral classes. In contrast, our approach requires several exemplars
for each numeral class (although not nearly as many as figure 7 would suggest—see below,
section 6). The price paid in the deformable-spline approach is of course the rather heavy
computation required to fit the data to the model. One advantage of this approach is that
it lends itself rather naturally to the incorporation of noise models; it also affords total
invariance with respect to substantial affine transformations, which our model does not (our
data are normalized in size). However, this also comes at a computational price, since each
iteration in the elastic-matching procedure includes the recomputation of the best affine
transform between the image and an ‘object-based frame’.

Note that full invariance to affine transformations is actually nor a desirable feature for a
character-recognition algorithm. The spread of parameters such as tilt and elongation within
a given numeral class is indeed limited. Therefore, a matching algorithm that would attempt
to perform the match under an excessively large domain of parameters would likely be less
efficient, e.g. be prone to local energy minima; in an extreme situation, it may lead to the
recognition of a “6” as a “9’. To address this problem in the deformable-spline approach, it
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would probably be necessary to include additional terms in the energy function, in order to
penalize large rotations or deformations. In contrast, our much simpler approach penalizes
in a natural way a!f affine transformations except shifis, in an amount proportional to the
magnitude of the deformation. The results reported by us and by Hinton et af (1992} do
not make it possible at this point to judge which strategy is better adapted to the specific
problem of handwritten-character recognition.

Another approach to handwritten-character recognition that calls for a comparison with
ours is the one recently proposed by Simard et ¢l (1993). Although these authors do not use
an elastic-matching distance in the strict sense, the spirit of their work is, in part, similar to
ours, They propose to replace Euclidean distance by a *tangent distance” better suited to the
task at hand, and to use this alternative metric for nearest-neighbour classification. Simard
et al use grey-level images; their tangent distance D is designed to be locally invariant, in
the 256-dimensional image space, to a number of standard transformations 7 translation,
rotation, scaling, shearing, squeezing, and line thickening or squeezing. Given two images
X and X', D(X, X"} is obtained by considering the manifold Ady of all 7 -transforms of
X, and the manifold My of all T-transforms of X'; D(X, X") is the Euclidean distance
between the hyperplane tangent to My at X and the hyperplane tangent to My at X',
Simard et al report very low error rates when using tangent distance for the classification
of large databases of handwritten digits.

Our method appears, at first sight, to be somewhat more effective computationally. As
a rough indication, it requires about 6000 multiply adds—sometimes significantly less—
to perform one match between two normalized digits of size 16 x 16; compare with the
figure n(mg + 1)(np + 1) + 3(m3 + m}), with n = 256 and mg = mp = 7, of Simard
et al (1993). A direct comparison, however, may be misleading, since we use binary-
valued images, which contain significantly less information. An adaptation of our approach
to grey-level images would necessitate a third term in the cost functional, to embody a
suitable set of pixel-value constraints; this may make the algorithm significantly more
computation-intensive. One possible advantage of our approach is that it handles all rubber-
sheet deformations, which may be highly nonlinear. In contrast, the metric used by Simard
et al is designed to be invariant to a standard set of transformations, applied waiformly
throughout the image. It is not clear, however, how significant this difference may be for
the problem of handwritten-digit recognition. '

It would be interesting to assess the performance of our algorithm on larger databases
of handwritten characters or numerals, and compare it more accurately with the approaches
mentioned above, as well as with feedforward neural networks with shift-invariance
constraints on the weights (Le Cun et ol 1989). Our simple and general approach, designed
in the spirit of biological modelling, may well turn out to be less efficient than techniques
specifically designed to optimally recognize handwriiten characters. The model presented
in this paper—using the same elastic cost A;—has also been applied to the recognition of
shapes very different from numerals, e.g. images of human faces (Buhmann et al 1989,
Wiirtz ef af 1991, Lades et al 1993); in this application, images are pretreated by a family
of ‘Gabor-based’ wavelet transforms, and a soft-constraint data term is used rather than a
hard constraint of the type f € Pxx.

6. Summary and discussion

This paper proposes a model of shape recognition with a specific biological motivation,
namely to illustrate on a concrete problem the capabilities of the dynamic-link approach to
brain function (von der Malsburg 1981, 1987, von der Malsburg and Bienenstock 1986).
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Our simple elastic-matching formulation retains the spirit of the biclogical model—a map
f from an image X to an image X' is a collection of dynamical links—but adapts it
to the computational requirements of the application. Thus, the quality of the map f is
assessed through an elastic cost functional H(f), and an elastic-matching distance p(X, X"
is defined by minimizing H over a suitably defined collection of maps Pxyx-.

We presented a computationally effective procedure for finding a reliable estimate
of u(X,X”). In experiments performed on a database of 1200 handwritten numerals,
substituting the metric ¢ for Hamming distance in nearest-neighbour classification yielded
substantial improvement (figure 11). Also, the performance of elastic-distance classification
compared- favorably with the performance reached on the same problem by simple
feedforward neural networks. The implementation of this approach on parallel computing
machinery (see e.g. Wiirtz ¢f al 1990) may make it possible in the future to envisage
realizations that come closer to the underlying biological model. ’

No effort was made in our work to optimize the speed of the classification proper. Two
straightforward improvements would be: (a) effecting a prefiltering, by means a faster but
less powerful classification technique, and (b) using a more parsimonious prototype set.
The use of a random prototype set for first-nearest-neighbour classification is indeed very
inefficient, as such a set contains many redundant exemplars. We have briefly experimented
with a greedy algorithm designed to reduce the size of the exemplar set without increasing
the classification error rate, as assessed on a given test set; these experiments (not reported
in the present paper) confirm that considerable improvement is possible.

In the context of non-parametric classification, the import of our elastic-matching
distance or of other, tailor-made, distances such as proposed by Simard et al (1993) can
be usefully discussed in the perspective of the bias/variance dilemma for non-parametric
estimation (see e.g. Geman et al 1992). Recall that the bias is the deviation of the average
estimator from the theoretically optimal one, while the variance is its intrinsic variability;
the stochasticity giving rise to these two terms is that of the training data, which obeys a
given, unknown, probability distribution. The term ‘dilemma’ refers to the fact that it is
difficalt to improve the performance of a classifier by reducing both bias and variance in
a fully general way, that is, independently of the problem considered. The way out of this
dilémma, which brains must have adopted, is in the devising of appropriate problem-specific
biases, which reduce the variance term without appreciably increasing the bias component,
in a given problem.

Substituting the matching distance p for pixelwise Hamming distance may be viewed
as a way to introduce a problem-specific bias. In effect, consider generating various images
X’ from a given image X by flipping the values of # distinct pixels. The Hamming distance
between X and X’ is always n, whereas p(X, X’) will depend on the position of the
pixels affected by the change. Specifically, (X, X’} will be small if there is a low-H
map in Py as well as a low-H map in Py-x. This particular bias is well-suited to the
problem at hand: we know beforehiand, that is, before we are shown any examplars, that
numerals related to each other through a moderate distortion are likely to belong to the same
class. Therefore, introducing this bias a priori in the classifier results in better performance.
In this perspective, the fact that the performance of the classifier hardly improves when
optimization is pursued beyond iteration O may be interpreted by saying that iteration 0
introduces essentially all of the desired bias. Similarly, Simard et a/ (1993) report that
the use of an approximated tangent distance (see above, section 5) results in no loss of
classification performance.

Consider now the issue of neural mechanisms. As in statistical estimation or regression,
unbiased computation would really mean that the only bias introduced is smoothness with



256 E Bienenstock and R Doursat

respect to the natural topology of the input space. An example of unbiased neural machinery
might be a multilayer perceptron (MLP), assuming real brains indeed implement MLP-like
networks; MLPs interpolate between training data smoothly with respect to the natural
topology of the input space.

Biases can be introduced in MLPs by imposing constraints on the architecture and/or
synaptic weights (Le Cun et al 1989). The dynamical-link approach underlying the present
work suggests that a very different kind of bias may be present in living brains. Such a
bias would rely on an operation of matching characterized by the construction of a relation-
preserving dynamical map. Such a map differs from the map implemented by an MLP
in two important ways: (i) there are no well-defined ‘input’ and ‘output’ spaces; rather,
the map establishes a correspondence between two spaces of similar nature, both high-
dimensional and containing relationally structured objects; (ii) the map is dynamical, that
is, the very process of computation consists in the establishment of the map or in the failure
to establish it. It has been suggested (von der Malsburg 1981, 1987, von der Malsburg
and Bienenstock 1986) that brains may be equipped with a mechanism specialized in the
building of dynamical structure-preserving maps; this mechanism could be a fast-enough
form of Hebbian plasticity, sensitive to accurate temporal relationships between the firings
of different neurons. The brain would then perform interpolation in a space of maps rather
than in a space of sensory inputs. This would allow to introduce biases better-suited to
handling various types of invariances, as may be pertinent in perception or in other domains
of cognition. (For a further discussion of neural implications, see references above.)

In general, matching problems are hard, if not intractable. Thus, subgraph isomorphism
is an Np-complete problem (Garey and Johnson 1979). The experiments presented in this
paper show that satisfactory matches can be obtained reliably and rapidly (as measured by
the number of parallel iterations) provided two general conditions are met: (i} the objects
to be matched should be topologically structured, and (ii) initial conditions should provide
a rough guess of the map to be constructed. It may be the case that these conditions are
reasonably well satisfied in all instances of cognitive tasks—from perception and motor
command to linguistic behaviour—that lend themselves to a description in terms of the
computation of relation-preserving dynamical maps.

Appendix

Here we discuss in more detail the algorithm for finding 2 suboptimal match outlined in
section 3. For any f € Pyyx, for any s € Sx and for any s’ € § such that X'(s") = X (s),
define the map f* in Pxyx as follows:

O EA A
5 ift=ys.
Given f € Pyy, updating f at a given site s € Sy means finding a site © € § that is
optimal given f on all sites other than s, that is, X'(u) = X (s) and H(f**) € H( 75y for
all 5" € § such that X'(s") = X (s) (note that « is not always uniquely defined).
Let V; be the set of sites ¢ € Sy at distance 1 from 5. The size of V,, |V,|,is 4 if 5 is
an interior point of Sy, less if it is a boundary point. Define

Fo ) S f@+s—t (AD

Wel &5

X 5 is an interjor point of Sy, hence [Vi| = 4, § simplifies to %ZtEV, (@), the centre of
mass of the four points £(#),¢ € V. The site § is readily seen to be optimal with respect
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to the ‘elastic’ component of the cost, H;. We use § for finding the optimal site #, as
follows. We wish to evaluate, for any site s’ € § such that X'(s") = X (s), the total change
in H = H; + H, resulting from moving f(s) from a given site 5o to site s’. This change
is easily seen to be given by the following expression:

8(s) = H(f*) — H(f*) = [V;|x | &' =5 * +x (21 (sH = 1), + D (A2)

where D is a constant depending on sp but independent of 5'. (A convenient choice of sp
is 5o = §.) The optimal » is then the site s’ in S that minimizes g under the constraint
X'(s") = X (5) (or one of the minimizers if there are several).

An efficient search method for u is as follows. Visit all sites ' in § that satisfy
X'(s"y = X(s) in order of increasing distance from §. (This order is not always uniquely
defined; which order is used may determine which minimizer of g is found, if there are
several.) For each site s visited, ask whether g(s) is smaller than the smallest value of
g encountered so far. If so, provisionally mark s’ as a candidate optimal site, and retain
g(s") as the current minimal value of g. As soon as a point 5’ is reached such that the H)-
component of g(s'), that is, {V;|x || s — 5 ||?, is, by itself, larger than the current smallest
value of g, discontinue the search and define u to be the site s* with lowest g(s’) found.

Note that when we use this update scheme in iteration O, that is, when we extend the
definition of f to all of Sy after having defined it by alignment on the first g black pixels
{section 3), it is actually a first assignment that we are making rather than an update; V;
in equations (AI) and (A2) should then be understood as the set of all neighbours of s for
which f has already been defined, rather than the whole set of neighbours of s in Sy. Thus,
in order for the iritialization procedure to be applicable, any site s € Sy to be ‘updated’ has
to have at least one neighbour t € Sy for which f(#) has already been assigned: either # is
one of the initial g black sites, or f(¢) has itself already been ‘updated’. The site-visitation
ordering g1, . . ., 55,y of the set Sx—{s1, ..., 5,} is therefore random up to the requirement
that for all i, ¢ < i < |Syl, there exist at least one j < i such that || 5; —s; [[= 1.
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